Abstract-We consider a cognitive radio network where primary users (PUs) employ network coding for data transmissions. We view network coding as a spectrum shaper, in the sense that it increases spectrum availability to secondary users (SUs) and offers more structure of spectrum holes, which in turn improves the predictability of the primary spectrum. With this spectrum shaping effect of network coding, each SU can carry out adaptive channel sensing by dynamically updating the list of the (predicted) idle PU channels and giving priority to these channels for spectrum sensing. This dynamic spectrum access approach with network coding improves how SUs detect and utilize spectrum holes over PU channels. Our results show that compared to the existing approaches based on retransmission, both PUs and SUs can achieve higher stable throughput, thanks to the spectrum shaping effect of network coding.
I. INTRODUCTION
Cognitive radio (CR) goes beyond the conventional understanding of fixed network resource allocation and enables the coexistence of multiple user classes with varying priorities in a dynamic and hierarchical spectrum sharing environment [1] - [3] . It is important for the secondary users (SUs) to capture temporal and spatial "spectrum holes" on the primary user (PU) channels, thereby enabling opportunistic spectrum access [4] - [8] . Spectrum holes appear in different ways, over space, time, and frequency. Particularly, the traffic pattern of the PUs directly determines the temporal spectrum availability and leaves potential room for SU transmissions whenever PUs do not have any packet traffic to transmit.
Since SUs transmit on PU channels at idle instances of PUs, from a holistic perspective it is important to increase the transmission rates of PUs for given arrival rates, in order to enhance the spectrum access opportunities for SUs. However, the random nature of packet arrivals leads to stochastic and sporadic transmission patterns over the PU channels and "hides" the temporal spectrum holes from the SUs. We believe that it is beneficial to introduce some structure into PU transmissions over lossy communication links. To this end, we leverage network coding applied at PU channels to extend spectrum holes for SUs, as well as to make them This work was supported in part by the US National Science Foundation under grant CNS-0917087, and AFOSR grant FA9550-09-C-0155 and FA9550-10-C-0026. more predictable to the SUs, i.e., network coding is used as a spectrum shaper on PU traffic.
Network coding is a novel networking paradigm that transforms the classical store-and-forward based routing. By allowing intermediate nodes to code over the incoming packet traffic, it is possible to improve the achievable throughput to the min-cut capacity for general multicast communications [9] - [11] . The throughput benefits of network coding are not only possible in multi-hop operation but also apply to singlehop broadcast channels [12] - [15] under both backlogged and stochastic packet traffic. Therefore, we can utilize network coding to improve PUs' throughput rates, thereby extending temporal spectrum resources for SUs.
Beyond this apparent throughput gain for PUs (and extension of spectrum availability to SUs), we note that network coding further introduces a predictive structure associated with PU transmissions. Since PUs need to buffer batches of packets before coding them, their transmissions become more predictable and therefore make it easier for the SUs to discover the spectrum holes, whenever PUs become idle. This use of network coding here is similar in spirit to traffic shaping (e.g., leaky bucket [16] ). Simply put, traffic shapers buffer the incoming data and retransmit them over time. The outgoing traffic resulted from the shaper is smoother and more regular, thus more predictable. The same effect can be realized by network coding while boosting the throughput of both PUs and SUs in CR networks.
We formulate a spectrum shaping framework where each PU first accumulates randomly arriving packets in its buffer and then applies random linear network coding (RLNC) to combine them before multicasting the coded packets to the receivers. Intuitively, when PUs use network coding, the busy periods on each of the PU channels are lower-bounded by the batch size of packets, and the idle periods are shaped based on the process of accumulating the packets. Transitions between the idle and busy periods become less frequent and more predictable due to the accumulation of packets and their batch-based transmissions. Therefore, network coding applied by PUs reduces the need for channel sensing and creates more space for SUs' data transmissions, thereby improving SUs' throughput via the spectrum shaping effect, compared to ARQbased retransmission schemes.
We then propose an adaptive channel sensing scheme where the SU sets a timer for each PU channel sensed to be busy and does not revisit it for a given period of time. In this way, the SU keeps track of a candidate list (we use the name "sensing list" interchangeably in the sequel) of possibly idle PU channels and performs a two-stage channel sensing: first, the SU senses the channels in the candidate list, and then it continues with the rest of the PU channels, provided that the candidate list does not include any idle channel. The timers for the PU channels form Markov chains that are coupled with each other through the sensing list size. We characterize the candidate list evolution and compare the resulting throughput with random sensing (which is carried out independently of the sensing history). Significant throughput gains are attainable over ARQ when the PUs apply network coding and the SU performs random channel sensing. Further throughput gain is achieved when the SU performs the two-stage adaptive channel sensing supported by network coding over PU channels.
Our main contributions are three-fold: 1) We propose to leverage network coding as a spectrum shaper in a CR network, aiming to enhance the spectrum predictability for the SUs. 2) We show that with network coding applied over PU channels only, both PU and SU's throughput are increased, compared to the case when ARQ-based retransmission schemes are used by the PUs. 3) We develop different sensing strategies for the SUs, and characterize the throughput attainable under random traffic, by balancing the tradeoffs between channel sensing and data transmissions for efficient spectrum access. The rest of the paper is organized as follows. Section II describes the system model, wherein a sketchy analysis on PU's stable throughput is provided in Section II-B. In Section III, we introduce the notion of spectrum shaping via network coding and develop two (random and adaptive) channel sensing schemes. Random channel sensing is discussed briefly in Section IV, while Section V presents detailed analysis on adaptive sensing. In Section VI, SU's throughput gains when network coding is used by the PUs are evaluated. In particular, the gain of adaptive sensing over random sensing is demonstrated. Finally, we conclude the paper in Section VII.
II. SYSTEM MODEL & BACKGROUND

A. System Model
We consider a CR network consisting of N PU channels and one SU. We assume that each PU channel is associated with a PU subnetwork consisting of one base station (BS) and L receiving nodes. Within each PU subnetwork, the BS multicasts data packets to the receiving nodes. We assume that the time is slotted and synchronized among PUs. In each slot, packets arrive at any PU channel, j = 1, ..., N , according to a stationary arrival process with a common rate λ. PU channels are lossy, with erasure probability ε, and the erasures are considered as independent across channels and time slots.
We consider both models for the PU transmission, using either network coding or ARQ. If network coding is used, each BS accumulates a batch of m packets, encodes them using random linear network coding (RLNC), and multicasts the coded packets to the receivers. Once all receivers of a PU subnetwork decode the entire batch of m packets, the BS proceeds with the next batch of m packets, provided that there are enough buffered packets. If not, the PU BS waits to accumulate the next batch of packets. RNLC is carried out in the Galois field GF (q), where q is the finite field size and is assumed to be large 1 . In contrast, if ARQ is used by the PUs, each BS multicasts individual packets one by one. The BS keeps retransmitting each packet (in uncoded plain form) until all receivers successfully receive it. Then, the BS proceeds with transmitting the next packet in the buffer. We assume synchronization across the SU and PUs. The packet transmission of a PU continues one slot (or time frame) and each slot of the SU amounts to B mini-slots, which are used either for sensing different PU channels or transmitting packets (as illustrated in Fig. 1 ; N points to the end of the sensing phase whenever the SU decides to transmit). Sensing is performed based on the "sensing list" N t in every slot t, which consists of the channels that are considered by the SU as "possibly idle" in this slot. When sensing, the SU picks a channel randomly and uniformly from the list at a time without replacement. After channel sensing, the SU transmits data packets during the rest of the time frame, provided that an idle channel is detected; otherwise, the SU waits until the next slot and repeats the procedure.
B. PU's Throughput and Idle Probability
For completeness, we summarize here the comparisons on the stable throughput and idle periods of PUs, for cases when PUs use network coding and ARQ. Denote by T NC and T 0,ARQ the completion time for one batch (when network coding is applied) and one packet (when ARQ is used), respectively. We obtain E[T NC ] < mE[T 0,ARQ ] (see (3) and (6) in [17] ) and therefore and P NC idle ) are the maximum stable throughput and the idle probability of the PU channel, when ARQ (respectively, network coding) is applied 2 .
As expected, network coding increases the stable throughput for PUs and provides the SU with extended availability of the primary spectrum.
III. SPECTRUM SHAPING VIA NETWORK CODING Roughly speaking, the SU needs to find an idle channel quickly to boost its throughput. In the sequel, we develop two different strategies (random and adaptive) for the SU and demonstrate the performance gain brought by network coding.
• Random channel sensing under network coding and ARQ. The first scheme is random channel sensing, where, in every slot, the SU starts by picking one channel randomly and uniformly (from all N PU channels) for sensing. If the channel is busy, the SU chooses another channel randomly and uniformly in the next mini-slot and senses it. The SU continues this process until it finds an idle channel and transmits on it using the remaining time of the slot.
• Backoff-based adaptive sensing under network coding. Instead of keeping all N channels in the sensing list as above, the SU seeks to explore the spectrum structure and build a shortened list, hoping to reduce the sensing overhead. In each time slot, the SU carries out channel sensing in two stages. First, the SU starts sensing PU channels randomly picked from the sensing list N t one by one, and stops whenever an idle PU channel is detected. In the meantime, SU backs off on channels sensed to be busy for k slots by setting up a timer with initial value k, and updates the list N t over time. These channels are moved back to the candidate sensing list only after k slots. If all channels in the first stage are found to be busy, the SU proceeds to the second stage and randomly 3 searches for an idle channel in the backup listN t (i.e., the list of channels excluding N t ). In this stage, the SU moves the channel it detects to be idle back to the sensing list, while keeping the timer values for channels sensed to be busy.
A. SU's Throughput
Denote by D t the number of mini-slots used for sensing in slot t by the SU. Define a "good slot" to be one in which the SU finds an idle channel and transmits; and a slot is called "bad" otherwise. In addition, let 1 t be the indicator random variable representing whether slot t is good (1 t = 1) or bad (1 t = 0). The SU's throughput can be obtained as
where T tot is the time period (in slots) under observation, p r = Pr(1 t = 1), and (2) follows from the ergodicity of the channel sensing process.
Note that the SU cannot sense all N channels when B is smaller than N . Accordingly, we consider two cases: B ≥ N and B < N. Due to space limitation, we present analytical details for B < N only in the sequel 4 .
IV. RANDOM CHANNEL SENSING A. When PUs use Network Coding
When B < N, we shall consider only the first B slots. Correspondingly, we have
for d ∈ {1, ..., B}. In this case, the SU's throughput is given as
B. When PUs use ARQ
Similarly, we obtain the throughput of the SU as follows:
V. BACKOFF-BASED ADAPTIVE SENSING A. The Case with B < N
In (backoff-based) adaptive sensing, the SU dynamically updates the size of the sensing list based on the sensing results from the current slot. It follows that the sensing list size, N t |N t |, is a random variable in this case. For notational convenience, denote p n = Pr(N t = n). Under the two-stage sensing procedure, p r can be obtained as
and the number of mini-slots used for finding an idle channel, provided that there exists at least one, is computed as
4 Analysis on B ≥ N for different strategies can be found in [17] .
Clearly, in order to characterize the SU's throughput, it is critical to find the distribution of N t . Note that once a PU channel is sensed to be busy, the SU backs off on this channel by setting up a countdown timer with an initial value k. The evolution of such a timer follows a Markov chain (as depicted in Fig. 2) , where states 0, ..., k correspond to the countdown values of the timer, or equivalently, the remaining time slots before the channel is moved back to the sensing list N t (when the timer reaches 0). Accordingly 5 , the transition probabilities can be expressed as
where p s is the probability that a PU channel in the sensing list is sensed in the first stage, and p b represents the probability that a PU channel in the backup list is sensed provided that all channels in the sensing list are found busy. Recall that the PU channels in both lists are randomly chosen for sensing, until an idle channel is detected. The Markov chains of timers for different PU channels are coupled with each other through the size of the sensing list, N t , which in turn depends on the states of the individual Markov chains, namely how many of them are in state 0. An approximation is necessary to account for all PU channels (a similar approach has been taken in, e.g., [18] , to analyze IEEE 802.11 backoff mechanism). In particular, we average the sensing probability of the first stage, p s , and obtain that
where x 0 = arg min(B, n) − 1. Along the same line, the sensing probability of the second stage, p b , can be characterized as
for l = N − n. Based on (9)- (11) and the characterization on the stationary distribution of the Markov chain 6 , π 0 , the probability that any given PU channel is in the sensing list N t , can be computed 5 More descriptions on the Markov chain can be found in [17] . 6 Details can be found in [17] .
It follows that the size of the sensing list, N t , has a binomial distribution with parameter π 0 , i.e., p n = Pr(N t = n) is expressed as
The throughput of SU can then be characterized based on (2).
B. Prediction Accuracy of Spectrum Opportunities
In the adaptive sensing scheme, the SU updates the sensing list by predicting the channels therein to be idle. Clearly, one key factor affecting the performance is the accuracy in such prediction, for which we define the following L 1 distance δ to examine:
Intuitively, the smaller the distance δ, the more accurate the prediction of PU's idle probability is. To get a more concrete sense, we plot in Fig. 3 some examples on the comparison of π 0 and P NC idle . As can be seen from Fig. 3(a) , the prediction π 0 closely tracks the idle probability P NC idle of the actual system for different erasure probabilities ε, indicating the robustness of channel tracking against channel variations. On the other side, as Fig. 3(b) demonstrates, when the backoff parameter k increases, the difference first sharply shrinks and then increases slowly after k reaches a certain value. This points to an optimal backoff parameter:
for capturing the spectrum holes. Intuitively, if k is chosen to be smaller than the optimal one, the sensing list would be longer than necessary with redundant PU channels that are actually busy. On the other hand, if k is greater than (15) , the SU tends to perform a conservative sensing policy with a shorter list of candidate channels to be sensed.
VI. PERFORMANCE EVALUATION
In this section, we illustrate, via numerical examples, the throughput gain of the SU when PUs use network coding 8 . Fig. 4 shows that with random sensing employed at the SU, compared to ARQ, the SU's throughput is increased when PUs use network coding, for both regions with B ≥ N and B < N. Also, as the values of these parameters increase, the gain is more significant.
Next, we show that by employing adaptive sensing, the SU's throughput can be further improved by almost 15%, as shown in Fig. 5 . The two-stage adaptive sensing strategy provides a further gain 9 over the random sensing mechanism, over the entire region of parameter variations (in ε and k). Fig. 5(a) shows that the gain increases with the channel erasure probability, and as illustrated in Fig. 5(b) , the backoff parameter can be further adjusted by the SU to improve the gain of adaptive sensing. 
VII. CONCLUSION
We considered a CR network with N PU channels and one SU, where each PU transmits packets to multiple receivers over lossy wireless channels via ARQ or network coding.
Viewing network coding as a spectrum shaper, we showed that it increases the spectrum availability for the SU and offers a more predictive structure to the PU spectrum, i.e. it improves the SU's prediction of spectrum holes on PU channels. Based on the spectrum shaping effect of network coding, we developed different sensing strategies for the SU, where adaptive sensing is carried out by dynamically updating the list of the PU channels that are predicted by the SU to be idle. Our analysis and numerical results showed that compared to retransmission, both PU and SU's throughput can be improved when PUs apply network coding instead of ARQ, and the SU can further improve this gain by applying adaptive channel sensing (based on sensing history to reflect the PU traffic).
